This article is a result of the AIM workshop on Moment Maps and Surjectivity in Various Geometries (August 9 -13, 2004) organized by T. Holm, E. Lerman and S. Tolman. At this workshop I was introduced to the work of T. Hausel and N. Proudfoot on hyperkähler quotients [HP]. One interesting feature of their article is that they consider integrals of equivariant forms over non-compact symplectic manifolds which do not converge, so they formally define these integrals as sums over the zeroes of vector fields, as in the Berline-Vergne localization formula. In this article we use the symplectic structure to give a geometric-analytic definition of these integrals and prove that the Berline-Vergne localization formula holds for these integrals as well. The key step here is to redefine the collection of integrals M α(X), X ∈ g, as a distribution on the Lie algebra g.
Introduction
This article is a result of the AIM workshop on Moment Maps and Surjectivity in Various Geometries (August 9 -13, 2004 ) organized by T. Holm, E. Lerman and S. Tolman. At this workshop I was introduced to the work of T. Hausel and N. Proudfoot on hyperkähler quotients [HP] . One interesting feature of their article is that they consider integrals of equivariant forms over non-compact symplectic manifolds which do not converge, so they formally define these integrals as sums over the zeroes of vector fields, as in the Berline-Vergne localization formula.
While the definition is perfectly valid, it does not feel satisfactory. The Berline-Vergne localization formula relates a global object (integral of a cohomology class) with a local object (certain quotients defined at zeroes of a vector field). From this point of view, the localization formula is very similar to the Lefschetz fixed point formula. The Lefschetz fixed point formula fails for non-compact manifolds in general because the fixed points may "run away to infinity". By analogy one expects the Berline-Vergne formula to fail on non-compact manifolds for the same reason.
In this article we give a geometric-analytic definition of the integrals in question when the manifold is symplectic and "everything is real algebraic". Then we prove that when the group action is T -compact the Berline-Vergne localization formula holds for these integrals as well (thus the zeroes do not run away to infinity). The key step here is to redefine the collection of integrals M α(X), X ∈ g, as a distribution on the Lie algebra g. This approach has been first used by M. Duflo and M. Vergne [DV] in the important special case when the manifold M is a coadjoint orbit of a real semisimple Lie group. We extend their ideas to a much wider class of symplectic manifolds. The real algebraic setting allows us to use the properties of O-minimal structures (see [DM] ) to estimate the growth of integrals at infinity. We exploit the fact that the Fourier transform of a compactly supported function decays faster than any polynomial or rational function, hence when "everything is real algebraic" we do not get any contribution from infinity. The main results are Theorems 3 and 7. In the special case when M is a coadjoint orbit, Theorem 3 was proved by M. Duflo, G. Heckman and M. Vergne [DHV] , [DV] and later by P.-E. Paradan [Par] . Theorem 3 is also closely related to the extension of the Duistermaat-Heckman formula to non-compact manifolds due to E. Prato and S. Wu [PrWu] . We explain the relation at the end of Section 3. As an example we consider coadjoint orbits of real semisimple Lie groups.
I would like to thank D. Vogan for giving me a proof of Proposition 11 to which he refers as a "well-known folk theorem".
Notations and definitions
Let G be a compact real algebraic Lie group; we denote by g its Lie algebra and by g * the dual of the Lie algebra. The group G acts on g by the adjoint action and on g * by the coadjoint action. Let M be a smooth real algebraic affine variety which is possibly non-compact, and let G act on M real-algebraically. We use Ω * (M ) to denote the algebra of complex-valued real algebraic differential forms on M . To each element X ∈ g we associate a vector field VF X on M defined by
We denote by ι X contraction by the vector field VF X , and by M X the set of zeroes of VF X :
The standard references for equivariant forms and equivariant cohomology are [BGV] , [Ca1] , [Ca2] , [GS] . Recall that a G-equivariant form on M is a polynomial map α : g → Ω * (M ) which is G-equivariant, i.e.
for all g ∈ G and X ∈ g, and possibly non-homogeneous. If α is an equivariant differential form, α [k] denotes its homogeneous component of degree k. We define a twisted deRham differential by
where d denotes the ordinary deRham differential. The map d g preserves G-equivariant forms, and (d g ) 2 = 0. An equivariant form α such that d g α = 0 is called equivariantly closed.
We denote by Ω(M, G) the space of (polynomial) equivariant forms α : g → Ω * (M ). Note that Ω(M, G) is a module over R[g] G -the space of Ad(G)-invariant polynomial functions on g. That is multiplication by an Ad(G)-invariant polynomial in R[g] G commutes with the twisted deRham differential d g on Ω(M, G). Following [HP] , we rationalize Ω(M, G) and consider the space of rationalized equivariant forms
where
We will also consider equivariantly closed rationalized forms
In this article we will be interested in the case when M is symplectic and the action of G is Hamiltonian. That is, the manifold M comes equipped with a symplectic form ω, the action of G preserves ω, and there is a moment map µ : M → g * which is G-equivariant:
for all g ∈ G and m ∈ M , and such that dµ = −ι X (ω), for all X ∈ g.
A symplectic manifold (M, ω) always has a preferred orientation -the one given by ω 1 2 dim M . The setup of this article is real algebraic, so we will assume that both the symplectic for ω and the moment map µ are real algebraic.
We can also regard µ as a map from g to Ω 0 (M ) -the space of polynomial functions on M .
The action of G on (M, ω) being Hamiltonian is essentially equivalent toω being equivariantly closed. Throughout this article we will always assume that the moment map µ :
We fix a positive definite inner product ·, · g * on g * which is invariant under the coadjoint action of G, and denote by · g * the corresponding norm. Let
Because the moment map µ is proper, the sets M R are compact. Note also that since the inner product ·, · g * is G-invariant, the sets M R are preserved by the G-action on M . For β ∈ Ω * (M ) and N ⊂ M an oriented submanifold we define
Since M is a real algebraic affine variety, we can fix an embedding M ⊂ R d and fix any norm
be a real algebraic rationalized equivariant form. We regard it as a rational map α : U α → Ω * (M ) defined on some dense open real algebraic Ad(G)-invariant subset U α ⊂ g. Our goal is to define M α as a distribution on U α , but first we define M α ∧ e iω as a distribution on U α . So let ϕ ∈ Ω top c (U α ) be a smooth compactly supported test form of top degree.
decays rapidly on M . This means that the form (1) can be written in terms of the standard coordinates
Proof. The integral
is essentially the Fourier transform of α(X) ∧ ϕ(X) pulled back to M via the moment map.
Hence it decays rapidly as m ∈ M tends to infinity, which can be proved by a standard integration by parts argument. At this step it is essential that the equivariant form α(X) is real algebraic on M and its growth is bounded by a polynomial in µ(m) g * .
This lemma implies that, for any rationalized equivariant form α ∈ Ω(M, G) and any test form ϕ ∈ Ω top c (U α ), the limit lim
exists, and it makes sense to define the integral M α ∧ e iω as a distribution on U α : 3 The first localization theorem
In this section we state our first version of the localization theorem. Let T ⊂ G denote the maximal torus and denote by M T the set of points in M fixed by T . Following [HP] we say that the action of G on M is T -compact if the set M T is compact. Note that since all maximal tori T ⊂ G are conjugate, if the set M T is compact for one particular torus then M T is compact for all tori, so the choice of one particular torus is irrelevant here.
For each maximal torus T ⊂ G, we denote by N M T the normal bundle at M T . Then we denote by χ T (N M T ) the T -equivariant Euler form of N M T , it is a map t → Ω * (M T ), where t is the Lie algebra of T . (See, for instance, [BGV] for details.)
We denote by g rs the set of regular semisimple elements in g. These are elements X ∈ g such that the adjoint action of ad(X) on g is diagonalizable (over C) and has maximal possible rank. The set g rs is an open and dense subset of g.
Next we introduce the set of strongly regular elements g ′ . It consists of regular semisimple elements X ∈ g rs which satisfy the following additional properties. If t(X) ⊂ g is the unique Cartan subalgebra in g containing X, then:
1. The set of zeroes M X is exactly the set of points in M fixed by the torus T (X) = exp(t(X)) ⊂ G:
Clearly, g ′ is an open Ad(G)-invariant subset of g. Since M T is compact, it has finitely many connected components. So, for any Cartan subalgebra t ⊂ g, the intersection g ′ ∩ t is just t without a finite number of hyperplanes. Hence, by Ad(G)-invariance, the complement of g ′ in g has measure zero and g ′ is dense in g. Notice that when X ∈ g ′ ∩ t, then t(X) = t, T (X) = T and
Theorem 3 Let G act real algebraically on a smooth real algebraic affine symplectic variety (M, ω, µ) (possibly non-compact). Suppose that the action is Hamiltonian and T -compact, and that the moment map µ : M → g * is proper. Let α ∈ Z(M, G) be a real algebraic rationalized equivariant form which is equivariantly closed. Then, if ϕ is a smooth compactly supported differential form on
where F α,ω is an Ad(G)-invariant function on g ′ given by the formula
where n = 1 2 dim M .
In the special case when M is a coadjoint orbit, this result was proved by M. Duflo, G. Heckman and M. Vergne [DHV] , [DV] and later by P.-E. Paradan [Par] .
Remark 4 Returning to Example 2 where the equivariant form α = 1, this result formally coincides with the Duistermaat-Heckman formula [DH]. If, in addition, the manifold M is assumed to be compact, then this result is exactly the Duistermaat-Heckman formula.
This localization formula (2) is also closely related to the extension of the DuistermaatHeckman formula to non-compact manifolds due to E. Prato and S. Wu [PrWu] . They consider the integral M e iω (i.e. α = 1), but they do not work in the real algebraic setting. To work around the problem of convergence of this integral they assume that there exists an X 0 ∈ g ′ such that the component of the moment map
is proper and not surjective. This implies that µ X 0 is polarized, i.e. bounded either from below or from above. This assumption is similar to our significantly weaker assumption that the moment map µ : M → g * is proper. Like us, they require the group action to be T -compact (although they do not use this term). Finally, they complexify the Lie algebra t(X 0 ) and prove that, for Z ∈ t(X 0 ) ⊗ R C with Re(Z) ∈ t(X 0 ) ∩ g ′ and Im(Z) lying in the interior of a certain cone C ⊂ t(X 0 ), the improper integral M e i(µ(Z)+ω) converges to
in the most common sense of convergence (and in particular in the sense of distributions). Note that 0 ∈ ∂C and the interior of C being non-empty is essentially equivalent to µ X 0 being polarized.
Proof of Theorem 3
If we knew in addition that the moment map µ : M → g * composed with the projection g * ։ t * was proper and that all integrals converged, then the classical argument of N. Berline and M. Vergne [BGV] would apply verbatim. However, we only assume that the moment map µ itself is proper, so we cannot deal with the integral (2) "one Cartan algebra at a time" and we will have to modify the classical localization argument.
We fix a G-invariant metric ·, · M on M . In this setting the G-invariant metric ·, · M can be chosen to be real algebraic, as will be assumed. Then we define a 1-form θ X depending on X ∈ g by setting
This form is defined on M \ M X , it is G-equivariant and has the following property 
Lemma 5 Fix a compact subset K ⊂ M whose interior contains G · M T (this set does not depend on a particular choice of a maximal torus T ⊂ G). Then the integral
The key assumption here is that ϕ is compactly supported. The lemma is proved by observing that the integral (3) is essentially the Fourier transform of θ X dg θ X ∧ α(X) ∧ ϕ(X) and applying a standard integration by parts argument, just like Lemma 1. Now we can prove Theorem 3. Recall that the form ϕ is compactly supported in U α ∩ g ′ . For each R > 0 large enough so that K ⊂ M R , by the classical localization argument we have:
.
As R → ∞, the left hand side tends to M α ∧ e iω (ϕ), while by Lemma 5 the right hand side tends to g F α,ω ϕ. It is clear that the function F α,ω is Ad(G)-invariant.
The definition of M α and the main localization theorem
Note that, for each s ∈ R, s = 0, the pair (sω, sµ) gives another symplectic structure on M such that the action of G is Hamiltonian. As before, consider a rationalized equivariant form α ∈ Z(M, G) which is equivariantly closed. Then Theorem 3 applied to (M, sω, sµ) implies that, for each ϕ ∈ Ω top c (U α ∩ g ′ ), the limit
exists and the assignment
is a distribution on U α ∩ g ′ . Recall that the space of distributions is equipped with the weak*-topology, and a sequence of distributions {Λ j } converges to a distribution Λ in this topology if and only if lim j→∞ Λ j (ϕ) = Λ(ϕ) for all test functions ϕ. Therefore, we can define M α as a limit of distributions on U α ∩ g ′ (in the weak*-topology):
Remark 6 The reason why we do not allow negative s in the limit is that the orientation of M is determined by its symplectic structure. Replacing ω with sω, s < 0, will change the orientation whenever n = 1 2 dim M is odd.
The following localization formula follows immediately from Theorem 3:
Theorem 7 Let G act real algebraically on a smooth real algebraic affine symplectic variety (M, ω, µ) (possibly non-compact). Suppose that the action is Hamiltonian and T -compact, and that the moment map µ : M → g * is proper. Let α ∈ Z(M, G) be a real algebraic rationalized equivariant form which is equivariantly closed. Then the distribution M α on U α ∩ g ′ is given by integrating against a function:
where F α is an Ad(G)-invariant function on g ′ given by the formula
where n = 1 2 dim M . Note that this result formally coincides with the classical Berline-Vergne localization formula [BV] , [AB] .
Coadjoint orbits
In this section we show that our integration theory for non-compact real algebraic affine varieties applies to coadjoint orbits of real semisimple Lie groups. This special case is very important and it was thoroughly studied in [DV] and [Par] . Let G ss be a real semisimple Lie group and G ⊂ G ss its maximal compact subgroup. We denote by g ss and g the Lie algebras of G ss and G respectively. Let λ ∈ (g ss ) * be a semisimple element, and consider its coadjoint orbit
When λ ∈ (g ss ) * is semisimple, the orbit O λ is a closed submanifold of (g ss ) * . Recall a well-known result from symplectic geometry. Proposition 10 The coadjoint orbit O λ has a canonical G ss -invariant symplectic form given by
Furthermore, the action of G ss on O λ is Hamiltonian, with symplectic moment map given by the inclusion map O λ ֒→ (g ss ) * .
The G ss action on O λ restricts to a Hamiltonian action of G, with symplectic moment map µ : O λ → g * given by the inclusion O λ ֒→ (g ss ) * composed with the natural projection (g ss ) * ։ g * .
The coadjoint orbit O λ is a smooth real affine variety. In order to apply our integration results (Theorems 3 and 7) we need to know if the G-action is T -compact and if the moment map µ is proper. Proof. (Communicated by D. Vogan.) The proof uses standard facts about the structure of real semisimple Lie groups. For details see, for instance, [Kn] . Let B(X, Y ) be the Killing form on g ss :
The Killing form B is a symmetric Ad(G ss )-invariant bilinear form on g ss and its restriction to g is negative definite. Let g ss = g ⊕ p be the Cartan decomposition of g ss , and let θ be the Cartan involution:
The map θ is a G-equivariant Lie algebra automorphism of g ss . Then B is positive definite on p, the spaces g and p are orthogonal with respect to B, and
is a symmetric positive-definite inner product on g ss which is G-invariant, but not G ss -invariant.
The G ss -invariant bilinear form B allows us to identify g ss and its dual (g ss ) * . Under this identification (g ss ) * ∋ λ ←→ λ ′ ∈ g ss , λ ′ is semisimple since λ is, and the projection (g ss ) * ։ g * becomes the projection π : g ss = g ⊕ p ։ g. Thus it is enough to show that π is proper on O λ ′ .
Let K ⊂ g be any compact set. We need to show that
Because B is G ss -invariant, the quadratic form B(Z, Z) is constant on O λ ′ ; let us call this constant c. The set K ⊂ g is compact, so there is a constant b such that
This proves that π −1 (K) ∩ O λ ′ is bounded, hence compact. It remains to show that (O λ ) T is compact when t is a Cartan algebra in g ss . Since the set (O λ ) T is closed, it is enough to show that (O λ ) T or, equivalently, (O λ ′ ) T is bounded.
Let X ∈ (O λ ′ ) T , then Ad(T )X = X implies [t, X] = X. Since t is maximal abelian in g ss , it follows that X ∈ t. Therefore, (O λ ′ ) T ⊂ t ⊂ g. Since B(Z, Z) = c for all Z ∈ O λ ′ , (O λ ′ )
T ⊂ {X ∈ t; B(X, X) = c} = {X ∈ t; B θ (X, X) = −c}.
This proves that (O λ ′ ) T is bounded.
One might ask if the natural projection g * ։ t * is proper on O λ . E. Prato [Pr] shows that when the center Z ⊂ G has positive dimension, the Cartan subalgebra t ⊂ g is also a Cartan subalgebra of g ss and the coadjoint orbit O λ is elliptic, the answer to the question is affirmative. More precisely, she shows that there exists an element X 0 ∈ Lie(Z) such that the component of the moment map µ X 0 : M → R, µ X 0 = µ, X 0 is proper and bounded from below, hence polarized. But in general the projection (g ss ) * ։ t * need not be proper on O λ . For example, consider G ss = SL(3, R), G = SO(3, R), Because S ⊥ B t, the B-orthogonal projection sl(3, R) ։ t sends S into 0, hence it is not proper on O λ ′ . By taking λ ∈ sl(3, R) * corresponding to λ ′ we obtain a coadjoint orbit O λ ⊂ sl(3, R) * such that the restriction of the projection map sl(3, R) * ։ t * to O λ is not proper.
